Abstract. Consider hyperelliptic curves C of fixed genus over a finite field F. Let L be a finite abelian group of exponent dividng N . We give an asymptotic formula in |F|, with explicit error term, for the proportion of C for which Jac (C)[N ](F) ∼ = L.
Introduction
Let C be a smooth, proper curve of positive genus g over a finite field F. Its Jacobian Jac(C) is a g-dimensional abelian variety. On one hand, if an explicit model of C is chosen, then there are efficient methods for computing in the finite abelian group Jac(C)(F). Varying the coefficients of C yields a family of groups. On the other hand, since Jac(C)(F) is isomorphic to the class group of the function field of C, studying these groups is tantamount to analyzing the class groups of certain families of global fields, an endeavor with a rich history of its own.
The groups Jac(C)(F) are extremely useful in public-key cryptography and computational number theory. For instance, the security of ElGamal's encryption scheme relies on the difficulty of the discrete logarithm problem in Z/p: given a, b ∈ Z/p × , find e such that a e ≡ b mod p. There is an an analogous problem in the abelian group Jac(C)(F): given A, B ∈ Jac(C)(F), find e such that eA = B. One can use to this to create an encryption scheme based on Jacobian varieties. Understanding the security of such a system relies on understanding the expected structure of the group Jac(C)(F). Such groups also arise in primality testing [3] and integer factorization [19, 20] ; again, results on expected divisibility properties of |Jac(C)(F)| as C varies are crucial to estimates of efficiency.
The Cohen-Lenstra heuristics conjecturally describe the frequency with which a given abelian group occurs as the class group of a quadratic imaginary number field [9] . Although these heuristics remain unproven, they have inspired detailed studies of class groups of function fields. Friedman and Washington conjecturally [10] describe the probability with which a given abelian -group occurs as the -Sylow part of the class group of a function field drawn randomly from all, or even all hyperelliptic, function fields. (Since the function field of a hyperelliptic curve admits a presentation as
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c 0000 (copyright holder) computational [5, 11] and analytic [7, 22] methods have been brought to bear on the distribution of class groups of hyperelliptic function fields. Roughly speaking, these works produces families of such fields whose class numbers are divisible by a given prime . While these families are infinite, they account for a proportion of polynomials which vanishes as |F| increases.
In this note, we explain how deep equidistribution results due to Katz [16, Chapter 9] yield the solution of the Friedman-Washington conjecture. Moreover, we take advantage of recent refinements to Katz's method by Kowalski [17] to give explicit bounds on the error terms which arise, by bounding the -adic Betti numbers ofétale covers of hyperplane arrangements.
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Equidistribution
Let S/F be a geometrically irreducible variety, and letη → S be a geometric point. Let G geom be a finite group. An irreducibleétale G geom -cover of SF corresponds to a surjective homomorphism ρ geom : π 1 (SF,η) → G geom . To a point s ∈ S(F) corresponds a Frobenius element Fr s/F in π 1 (S), well-defined up to conjugacy. Katz proves a strong Chebotarev-type theorem, which states that the images of these Frobenius elements under ρ are equidistributed.
Theorem 2.1 (Katz) . [16, Thm. 9.7 .13] Let S/F be a smooth geometrically irreducible variety, and letη → S be a geometric point. Suppose we are given a commutative diagram
where Γ is abelian, G is finite and |G| is invertible in F. Let γ ∈ Γ be the image of the inverse of the Frobenius substitution x → x |F| . There exists a constant B such that if C ⊂ G is stable under conjugation and if F /F is an extension of degree n, then
where
One can calculate an effective value for B in (2.2) in terms of certain -adic Betti numbers. If X is a variety over a field k in which a rational prime is invertible, the i th -adic Betti number of X is h i (X,Q ) := dim H i (Xk,Q ). The sum of these numbers is σ(X,Q ), and the -adic Euler characteristic of X is the alternating sum χ(X,Q ) :
i h i (X,Q ). We will also need to use the Betti numbers with compact support h i c (X,Q ) := dim H i c (Xk,Q ). The sum of these compact Betti numbers of X is σ c (X,Q ), and the alternating sum of these numbers is χ c (X,Q ). If X is smooth, then Poincaré duality yields the equality σ(X,Q ) = σ c (X,Q ). 
Proof. A representation
: G → GL n (Q ) induces a lisse E λ sheaf on S, denoted F , for some finite extension E λ of Q . By [16, 9.2.6 . (4)], for B one may take 2B 2 where B 2 is any number such that for all ,
By [17, Prop. 4.7] , for B 2 one may take |G|B 1 , where B 1 is any number such that for everyétale Galois cover φ :
Cohen-Lenstra for function fields
We introduce some notation necessary for stating our form of the FriedmanWashington conjecture (Theorem 3.1).
First, we require some notation about the group of symplectic similitudes. Let N be an odd natural number, and fix a natural number g. Let V be a free Z/Nmodule of rank 2g equipped with a symplectic pairing ·, · . We use this as a model for GSp 2g (Z/N ): 
In the special case where N is prime and r = 1, an explicit formula for α(g, r, N, L) is given by [1, Lemma 2.2]; see [12] for a formula for α(1, r, N, L) for arbitrary N and L. For general N , Goursat's lemma lets one reduce the calculation to the case where N is a prime power. We will see below (Theorem 3.1) that α(g, |F|, N, L) is a good approximation for the proportion of genus g quadratic function fields over F for which the N -torsion in the class group is isomorphic to L. Second, we introduce a family of hyperelliptic curves. For a natural number n, let H n be the space parametrizing all monic separable polynomials of degree n. Let C g → H 2g+2 be the relative smooth proper curve whose fiber over f (x) ∈ H 2g+2 (F) has affine model y 2 = f (x). (Note that every hyperelliptic curve admits such a model.)
With these preparations, we can state and prove a theorem of Cohen-Lenstra type for quadratic function fields.
Theorem 3.1. Let g be a natural number, let N be an odd natural number, and let F be a sufficiently large finite field in which GSp 2g (Z/N ) is invertible. Then
Proof. Consider theétale sheaf F N = Jac(C g )[N ] → H 2g+2 , which corresponds (after fixing a basepointη) to a representation ρ :
Computing the proportion of points f ∈ H 2g+2 (F) for which Jac (C g,f ) [N ] ∼ = L is the same as computing the proportion of points f ∈ H 2g+2 (F) for which ker(ρ(Fr f,F ) − id) ∼ = L; the latter task is accomplished using Katz's theorem 2.1. In the notation of (2.1), 
We provide an explicit value for B 2 as follows. Let z 1 , · · · , z 2g+2 be coordinates on affine space A 2g+2 , and let H 2g+2 = A 2g+2 − ∪ i =j (z i = z j ) be the complement of the fat diagonal. It is an irreducible,étale S 2g+2 -cover of H 2g+2 ; the geometric fiber over f ∈ H 2g+2 (F) is the set of labelings of the roots of f . Let φ : Y → H 2g+2 be anétale Galois cover with automorphism group G. Trivially one has σ c (Y,Q ) ≤ σ c (Y × H2g+2 H 2g+2 ,Q ). Let r be the number of connected components of Y × H2g+2 H 2g+2 . Each component is isomorphic to a K-cover Z of H 2g+2 , where K is a subgroup of G of index r. By Lemma 3.3, σ c (Z,Q ) ≤ |K| · σ c ( H 2g+2 ,Q ). Since H 2g+2 is smooth, σ c ( H 2g+2 ,Q ) = σ( H 2g+2 ,Q ). The calculation σ( H 2g+2 ,Q ) = (2g + 1)!, originally due to Arnol d [4] , may also be recovered from equation (3.2) below.
The space H 2g+2 introduced in the proof of Theorem 3.1 is the braid arrangement studied by Arnol d. In Lemma 3.3 we prove a case of [17, Prop. 4.5] optimized for hyperplane arrangements.
Let T → S be a Galois cover of smooth varieties, and let S H ⊂ S be a suitably generic hyperplane section. The strategy of [17, Prop. 4.5] , which is a refinement of the argument of [15] , is to relate the Betti numbers of T to those of T H = T × S S H . This inductive method produces explicit upper bounds for the Betti numbers of T , but they tend to be pessimistically large. For example, the bounds obtained from [17] for the Betti numbers of H n are much larger than n n . In the special case where S is a hyperplane arrangement, we can replace the (abstract) Lefschetz theorem with an explicit calculation of σ(S,Q ) − σ(S H ,Q ). Moreover, S H is itself a hyperplane arrangement, so that we may use induction on the dimension of S without leaving the class of hyperplane arrangements.
Let V /k be an n-dimensional vector space over an algebraically closed field, and let A be a finite collection of hyperplanes in V . The complement of this
be the set of nonempty intersections of elements of A, ordered by reverse inclusion; if X, Y ∈ A, then X ≤ Y if and only if X ⊇ Y . The lattice L(A) has a unique minimal element, V . The rank r A (X) of X ∈ L(A) is the codimension of X in V . We will say that a hyperplane H ⊂ V is generic with respect to A if for each X ∈ L(A) we have dim(X ∩ H) = dim(X) − 1 if r(X) < n, and X ∩ H = ∅ if r(X) = n. Being generic with respect to A is an open condition on the space of hyperplanes in V .
If H ⊂ V is a hyperplane and X ∈ A, let X H = H ∩ X; it is a hyperplane of H. Let A H = {X H : X ∈ A}; it is a hyperplane arrangement inside H. Lemma 3.2. Let A be an arrangement of hyperplanes inside an n-dimensional vector space V over an algebraically closed field k, and let H ⊂ V be a hyperplane which is generic with respect to A. Then
Proof. The Betti numbers of M(A) are independent of k and , in the following sense. Suppose that k is an algebraically closed field, V /k is a vector space of dimension n, is a rational prime invertible in k , and A any arrangement of Section 5] . Therefore, we may replace A by a combinatorially equivalent arrangement over C. 
Note in particular that the i th Betti number depends only on those elements of L(A) which have codimension at most i in V . Now let H ⊂ V be a hyperplane generic with respect to A. Recall that if r A (X) < n, then r A H (X H ) = r A (X). The description (3.2) shows that the Poincaré polynomial of M(A H ) is
The proof of Lemma 3.3 is modeled closely on [17, Prop. 4.5], and we focus on the differences. 
